STOCHASTIC WAVE EQUATIONS WITH NONLINEAR DAMPING AND 

SOURCE TERMS 
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Abstract. In this paper, we discuss an initial boundary value problem for the stochastic wave 
equation involving the nonlinear damping term \ut\ q ~ 2 ut and a source term of the type \u\ p ~ 2 u. 
\ We firstly establish the local existence and uniqueness of solution by the Galerkin approximation 

method and show that the solution is global for q > p. Secondly, by an appropriate energy inequality, 
the local solution of the stochastic equations will blow up with positive probability or explosive in 
energy sense for p > q. 
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1. Introduction 

■ The wave equation of the following form 

■ (m ~ Au + a\u t \ q - 2 u t = b\u\ p ~ 2 u, (x, t) E D X (0, T), 

u(x,t) = 0, (x, t) € dD x (0, T), (1.1) 

u(x, 0) = uq(x), ut(x, 0) = Ui(x), x E D, 

where D is a bounded domain in ]R d with a smooth boundary dD, a, b > are constants, has 
Q\ ■ been extensively studied and results concerning existence, blow-up and asymptotic behavior of 

■ smooth, as well as weak solutions have been established by several authors over the past three 
decades. For b = 0, it is well known that the damping term assures global existence and decay of 
the solution energy for arbitrary initial data (see [1] and [2]). For a = 0, the source term causes 
finite time blow-up of solutions with large initial data (negative initial energy) , see [3] and [4] . The 
interaction between the damping term a\ut\ q ~ 2 ut and the source term b\u\ p ~ 2 u makes the problem 
more interesting. This situation was first considered by Levine [5, 6] in the linear damping case 

^ ! (q = 2), where he showed that solutions with negative initial energy blow up in finite time. In [7], 

I Georgiev and Todorova extended Levine's result to the nonlinear damping case (q > 2). In their 

work, the authors introduced a new method and determined relations between q and p for which 
there is finite time blow-up. Specifically, they showed that solutions with negative energy continue 
to exist globally in time if q > p > 2 and blow up in finite time if p > q > 2 and the initial energy 
is sufficiently negative. Messaoudi [8] extended the blow-up result of [7] to solutions with only 
negative initial energy. For related results, we refer the reader to Levine and Serrin [9], Levine and 
Ro Park [10], Vitillaro [11] and Messaoudi and Said-Houari [12]. 
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In fact, the driving force may be affected by the environment randomly. In view of this, we 
consider the following stochastic wave equations 



where q > 2, p > 2, e is given positive constant which measures the strength of the noise, and 
W(t,x) is a Wiener random field, which will be defined precisely later, and the initial data uq(x) 
and u\{x) are given functions. 

To motivate our work, let us recall some results regarding stochastic wave equations with linear 
damping (q = 2). For the blow-up results, Chow [13] discussed a class of non-dissipative stochastic 
wave equations with polynomial nonlinearity in M. d with d < 3. Using the energy inequality the 
author demonstrated the blow-up in finite time with a positive probability or explosive in L 2 norm 
for an example and studied the global existence of the solutions for the equation. This blow-up 
result has been later generalized by the same author in [14]. In a recent paper, using the energy 
inequality, Bo et al. [15] proposed sufficient conditions that the solutions of a class of stochastic wave 
equations blow up with a positive probability or explosive in L 2 sense. In those papers, the main 
tool in proving explosive/blow- up is the "concavity method" where the basic idea of the method is 
to construct a positive defined functional F(t) of the solution by the energy inequality and show 
that F~ a {t) is a concave function of t. Unfortunately, this method fails in the case of a nonlinear 
damping term (q > 2). For the global existence and invariant measure, Chow [16, 17] studied 
properties of the solution of (1.2) with q = 2 such as asymptotic stability and invariant measure 
and Brzeiniak et al. [18] studied global existence and stability of solutions for the stochastic 
nonlinear beam equations. There are also many other works on the stochastic wave equations with 
global existence and invariant measure for linear damping, see references in [19, 20, 21, 22]. 

Nonlinear stochastic wave equations with nonlinearity on the damping were first studied by 
Pardoux [23]. But the progress is little in nearly three decades. Recently, J.U. Kim [24] and V. 
Barbu et al. [25] considered an initial boundary value stochastic wave equations with nonlinear 
damping and dissipative damping, respectively. They proved the existence of an invariant measure. 
However, to our knowledge, the explosive/blow-up results with nonlinearity on the damping seems 
to be studied here for the first time. Since the existence and uniqueness of a solution for the 
deterministic equation (e = 0) is well known under some assumptions with nonlinearity on the 
damping, we may anticipate similar results for the stochastic equation. However, the methods used 
in earlier works on the stochastic wave equation with linear damping do not work. Hence, we will 
employ the Galerkin approximation method to establish the local existence and uniqueness solution 
for (1.2). For multiplicative noise, i.e., when a depend on u and Vu, we need to obtain the mean 
energy estimates, but this is some technical difficulty. This is also a major hurdle for the uniqueness 
of a solution of (1.2). So here we consider only additive noise, i.e. a(u,Vu,x,t) = a(t,x,uj) so 
that the stochastic integral may be well defined as an L 2 (D)-valued continuous martingale. We 
will prove the global solution of (1.2) for q > p. Concerning explosive/blow-up results, we use 
the technique of [7] with a modification in the energy functional due to the different nature of the 
problems for p > q. 




u tt — An + \u t \ q 2 u t = \u\ p 2 u + ea(u,X7u,x,t)d t W(t,x) 



(x,t) € D x (0,T), 
(x,t) edDx (0,T) 
x G D, 
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This paper is organized as follows. In Section 2 we present some assumptions and definitions 
needed for our work. In Section 3, we show the local existence and uniqueness solution of (1.2) 
and prove the solution being global for q > p. Section 4 is devoted to the proof of the explosive 
solutions of (1.2) for p > q. 

2. Preliminaries 

Firstly, let us introduce some notation used throughout this paper. We set H = L 2 (D) with the 
inner product and norm denoted by (•, •) and || • H2, respectively. Denote by || • || g the L q (D) norm 
for 1 < q < 00 and by ||V • H2 the Dirichlet norm in V = Hq(D) which is equivalent to the iJ 1 (-D) 
norm. We also set q, p satisfy 

2(d-l) , , 
q > 2, p>2, maxjp, q\ < - _ - , if d > 3, 

q>2, p>2, if d = 1,2, 

which implies that Hq(D) is continuously compact embedded into L P (D). Hence, we have the 
Sobolev inequality 

IM| 2 ( P -i) <c||Vu|| 2 , Vu€H%(D), (2.2) 
where c is the embedding constant of Hq(D) C L p (D). Using (2.2), we have the following inequality 

\\u p ~ 2 v\\ 2 < (f^WVuWl^WVvWi, Vtt, v € Hq(D). (2.3) 

In fact, when d = 1, 2, let q > 1 and k = by the Holder inequality and (2.2) we have 

\\u p - 2 v\\ 2 < \\u\\ p 2 -l 2)q \\v\\ 2k < ^llVull^llVt;^. (2.4) 

When d > 2, set q = > 1. Then k = d _( d _2)( p _ 2 ) - 3=2' ( 2 - 4 ) is also vanc ^ for d > 2 - 

Let (£l,P, J-) be a complete probability space for which a {J-f, t > 0} of sub-cr-fields of J- is 
given. A point of will be denoted by oj and E(-) stands for expectation with respect to probability 
measure P. When O is a topological space, B denotes the Borel <7-algebra over O. Suppose that 
{W(t, x) : t > 0} is a U-valued R- Wiener process on the probability space with the variance 
operator R satisfying TrR < 00. Moreover, we can assume that R has the following form 

R&i — XiCi : i — 1,2,''' , 

where Aj are eigenvalues of R satisfying X^Si < 00 an d {e^} are the corresponding eigenfunctions 
with Co := sup i>1 ||ei||oo < 00 (where ||-||oo denotes the super- norm). To simplify the computations, 
we assume that the covariance operator R and —A with homogeneous Dirichlet boundary condition 
have a common set of eigenfunctions, i.e., {ei}f2 =1 satisfy 

P ' ' (2.5) 

&i = 0, x € dD, 

and form an orthonormal base of V. In this case, 

00 

i=l 
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where {Bi(t)} is a sequence of independent copies of standard Brownian motions in one dimension. 
Let T~L be the set of L\ = L 2 (R^V, V)-valued processes with the norm 

\\V(t)\\ H = (E J* \\y(s)\\ 2 L od s y = (E J* Tr(V{s)m*{s))d s y <oo, 

where ^*(s) denotes the adjoint operator of ^(s). Let {t k } k=1 be a partition on [0,T] such that 
= to < h < • • • < t n = T. For a process ^(t) G T~L, define the stochastic integral with respect to 
the R- Wiener process as 

V(s)dW(s) = lim V *(t k )(W(t k+1 At)- W(t k A t)), (2.6) 

n— >oo * — » 



fc=0 



where the sequence converges in %-sense. It is not difficult to check that the integral process 
Jq ^(s)dW(s) is a martingale for any ^(t) € Ti, and the quadratic variation process is given by 



j V(s)dW(s)^ = J Tr(V(s)RV*(s))ds. 



For more details about the infinite dimension Wiener process and the stochastic integral, we refer 
to [26]. 

Finally, we give the definition of solution to (1.2). For the definition of a solution, we assume 
that 

(uo,u\) e Hq(D) x L 2 (D), (2.7) 
and that a(x,t) is L 2 (Z))-valued progressively measurable such that 

f T 

E / \\a(t)\\ldt < oo, (2.8) 
J o 

Definition 2.1. Under the assumption (2.7) and (2.8), u is said to be a solution of (1.2) on the 
interval [0, T] if 

(u, Uf) is Hq(D) x L 2 (D)— valued progressively measurable, (2-9) 

(u,Ut) € L 2 (Q;C([0,T]; Hq(D) x L 2 (D))), u t G L"{(0, T) x D), for almost all w, (2.10) 

u(0)=«o, «t(0)=«i, (2.11) 

u« - Au + |u t | 9_2 ut = |u| p ~ 2 u + ea(x, t)d t W(t, x) (2.12) 
holds in the sense of distributions over (0, T) x D for almost all uj. 

Remark 2.1. (2.10) and (2.12) imply that 

(u t (t),<t>) = (u 1)( f>) - [ (Vu,V4>)ds- I (\u s \ q - 2 u s ,4>)ds 
Jo Jo 

+ [ (\u\ p ~ 2 u,(t))ds+ [ ((f>,ea(x,s)dW s ), (2.13) 
jo Jo 

for all t G [0,T] and all G Hq(D). In fact, (2.13) is a conventional form for the definition of 
solution to stochastic differential equations. Here we say u is a strong solution of the equation 
(1.2). 
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3. Existence and uniqueness of solution 

In this section, we deal with the local existence and uniqueness of solution for problem (1.2) and 
prove that the solution of (1.2) is global for q > p. Let f(u) = \u\ p ~ 2 u. For each N > 1, define a 
C 1 function xn °y 



Xn(x) 



1, if x < N, 

6(0,1), if N<x<N + l, 
0, ifz>JV + l. 



and further assume that ||xjvll°o < 2. We define 

f N (u)=XN(\\Vu\\ 2 )f(u), ueH'(D). 
Then, it follows from (2.3) that 

||/ivN-/jvWI|2<Cjv||V«-V^||2, u,veHl{D), (3.1) 
where CV is a constant dependent only on N. Let g(x) = \x\ q ~ 2 x. For any A > 0, let 

gx(x) = j(x-(I + Xg)- 1 (x)) =g(I + Xg)- 1 (x), x G R, 

where g\ is the Yosida approximation of the mapping g. Since g{x) satisfies maximal monotone 
and g'(x) = (q — 2)|x| 9-2 > for any x G R, then g\ G C 1 (R) and satisfies (see Pazy [27]) 

0<dx<j, \g\(x)\ < \g(x)\, \g x (x)\ < -\x\, for any x G R. (3.2) 

Lemma 3.1. Let {X n } be a sequence of positive numbers, and {x n } be a sequence of real numbers 
such that X n — > and x n — > x. Then 

lira g\ n (x n ) = g(x). 

n— yoo 

Proof. There is some L > such that \x n \ < L for all n > 1. Since g(x) is maximal monotone, let 
y n be a unique number such that y n + X n g(y n ) = x n , for each n > 1. Then we have 

\Vn\ \x n \ < ^, |x n — y n \ < X n C, 

for each n > 1, where C = supui<£ |<7(z)|. Now the above assertion follows from 

\g(z) -9x n (x n )\ < \g(x) - g{x n )\ + \g(x n ) - g(y n )\. 

□ 

Lemma 3.2. [See Lemma 1.3 in Lions [28]/ Let D be a bounded domain in R d , d > 1, {y?fc}, 
99 G £*(£>), 1< q < 00. 1/ 

[l^fellg < C and fk( x ) —> f( x ) for almost all 

where C is a constant, then ifk — > (/; weakly in L q (D). 
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In order to obtain the local existence and uniqueness of solution for problem (1.2), we will first 
establish a lemma for the regularized problem. Fix A and N > 0, we will work on the following 
initial boundary value problem 

' u tt - An + g x (u t ) = f N (u) + ea(x,t)d t W(t,x), (x,t) eDx (0,T), 
u(x, t) = 0, (x, t) edDx (0, T), (3.3) 

u(x, 0) = Uq(x), ut(x, 0) = u±(x), x 6 D, 

where we suppose that 

(u , Ul ) € {Hl(D)r\H 2 {D)) x Hl(D) (3.4) 
and that a(x,t) is Hq(D) n L°°(Z))-valued progressively measurable such that 

E / T (||Va(t)||2 + ||a(t)||L)^<oo. (3.5) 
J o 

Lemma 3.3. Assume (2.1), (3.4) and (3.5) hold. Then there is a pathwise unique solution u of 
(3.3) such that 

u G L 2 (Q;L co {0,T;H} ) {D)nH 2 (D))) n L 2 (fi; C([0, T]; H%(D))) 

and 

u t e L 2 (n;L°°(0,T;H^D)))nL 2 (n;C([0,T};L 2 (D))). 
Moreover, it holds that 

where CV denotes a positive constant independent of X. 
Proof. Let 

m 

u m (t,x) = ^2a m ,j(t)ej(x), 

3=1 

where {ej}J^ 1 is a complete orthonormal base of Hq(D) satisfying (2.5) and a m j form a solution 
of the following system of stochastic differential equations 



E MhtllLo^ojYff^CD)) + W U \\ 2 L°°{<d,T;Hl(D)C\H 2 {D)) + j Q j D 



g\(ut)u t dxdt < C N , 



~H a m,j ~ [9\{T l T=i a 'mj e j)^ e j) + [fN(Y.T=i a 'm,j e i)' e j) + {ej , ea{x,t)dW t ) 



Omj(0) = (uo,ej), a' m -(0) = (u^ej), 
for 1 < j < m. By ltd formula, we have 



(3.6) 



IK»(t)ll! + HVu m (i)||i < |K(0)||1 + \\Vu m (0)\\ 2 -2 / ^(^(sJX.CaJdxda 

jo Jd 

+2 / / f N (u m )u' m dxds + 2 (u' m ,£(j)dW s + c 2 TrRy2 \{ej,eo-)\ 2 ds, (3.7) 

J0 JD JO =1 JO 
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and 



||V^(t)||2 + ||An m (t)||2<||V^(0)||2 + ||Au m (0)||2 + 2 / / g x (u' m (s))A U ' m ( S )dxds 



JD 



-2 f [ f N (u m (s))Au' m dxds + 2 [ (Vv! m ,eV(adW s )) 

JO JD JO 

+2c 2 TrRY] / |(Ve i ,eV ( r)| 2 ds + 2 V V A, / \(e jt aVe^ds 
. , Jo • 1 • 1 Jo 

7=1 u J=l 8=1 

for all t € [0, T] and almost all w, where 

oo 

TrR = '^2\i, c := sup ||ej||oo. 



(3.8) 



8=1 



Prom (2.2), (2.3) and (3.2), we get 

fN{u m )u' m dx< \ XN{\\^u m \\2)\u m \ p ~ l \u' m {s)\dx < Cjv||V« m ||2|K 



D 



(3.9) 



D 



\ fN{u m )Au' m dx = (p - 1) / XA r (l|Vu m || 2 )|u m | p 2 Vu m ■ Vu' m dx 
Jd Jd 

< C Ar (p-l)|||n m | p - 2 Vn m || 2 ||V^|| 2 < c7 7V ||An m || 2 ||Vn^|| 2 , (3.10) 



and 



D 



9\{u' m (s))Au' m (s)dx = - / g' x {u' m (s))\Vu' m (s)\ 2 dx < 0. 



(3.11) 



D 



By the Burkholder-Davis-Gundy inequality, we have 



E sup 

Ue[o,T] 



{u' m (s),ea)dW s 



OO ..J* 



< CE( sup H^mlb f^ 2 / (cr(x,t)Rei,a(x,t)ei)dt 
v te[o,T] 



< aE( sup \\u m \\ 2 ) + 

te[o,T] 



8=1 " U 

rv 2 ,- 2 



|a(i)|||dt ,(3.12) 



and 



E sup 

Vte[0,T] 



(W m ,V(adW s )) 



<«E( sup ||V<J|| 
•te[o,T] 



+- 



Ce 2 c 



2„2 




7V.RE 



(HVa(t)Hl 



3 )dtV (3.13) 



Here and below, C and Cat denote positive constants independent of m and A. From (3.4), (3.5) 
and (3.7)-(3.13), by Gronwall's inequality, we have 



E( sup ||Vt4||l + sup \\u m \\ H i {D)nH 2 {D) + f f 
\te[o,T] te[o,T] Jo Jl 



Define 



•A\ = \ \v\ 



/i|2 



* I I ' 

L°°(0,T;H&(D)nH 2 (D)) W V \\L°°(0,T;Hl{D)) 



D 



+ 



g\{u' m (s))u' m (s)dxds\ <C N . (3.14) 



o JD 



gx(v'(s))v'(s)dxds. (3.15) 
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It follows from (3.15) that 

oo oo oo 

P (U PI [j{MUm)<L})=l. (3.16) 

L=lj=lm=j 

Let V m is the orthogonal projection of L 2 (D) onto the subspace spanned by {ei, • • • , e m }, i. e., 

m 

i=i 

From (3.6), we have 

d t {u' m - eV m M(t)) = Au m - V m g\(v!J + V m f N {u m ) (3.17) 

in the sense of distributions over (0, T) x D for almost all u, where M(t) is defined by (2.6) with 
(3.5). Since a(x,t) is Hq{D) n L°° (D)-valued progressively measurable and {W(t, x) : t > 0} is a 
1/- valued process, there is a subset £li C ^ with P(fi \ Q\) = such that for each u £ fij, 

M 6 C , ([0,T];F 1 (D)), and (3.17) holds for all m > 1. (3.18) 

From (3.14), for each cj € £l\ there is a subsequence { , u mfc }^ =1 such that 

•A\(u mk ) < L^, for all k > 1 and for some constant > 0, (3.19) 



u 



m k 



u weak star in L°°(0, T; Hq(D) nH 2 (D)), (3.20) 



u 



in k 



u strongly in C([0,T];Hj(D)), (3.21) 



and 



W weak star in L°°(0,T;Hj(D)), (3.22) 



l m k 



for some function u = it(a;). It follows from (3.2) that 

IsaO^)!^ 1 < Cg x (x)x, for all x £ E and A > 0. 
From (2.1), we have the embedding L~ C H~ 1 (D). Thus, by (3.15) and (3.19), we have 

IIsaKJII^L „ <CL m (3.23) 
which combined with (3.17), yields 

llu' -eP m ,M|| ! ? , < CL W (3.24) 
for all fc < 1. By (3.22) and (3.24), we get 



u 



■' mk - eV mk M -> u' - eM strongly in C([0, T]; L 2 (D)). (3.25) 



This implies that there is a subsequence still denoted by {u mk } such that 

u^(t,s) ->• u'(t,x), for almost all (t,x) € (0,T) x D. (3.26) 
It follows from (3.23), (3.26) and Lemma 3.2 that 

9\{u'm k ) -> 5aK) weakly in L^((0,T) x D). 
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Thus, u = u{oo) satisfies (3.3) in the sense of distributions over (0, T) x D. Here the choice of the 
above subsequence may depend on w 6 fii. If there is another subsequence which converges to 
u = u(lj) in the above sense, then w = u(lj) — u(co) satisfies 

w" - Aw + gx(u'(ui)) - g\(u'(u))) = f N (u(uj)) - f N (u(uj)), 
W (Q) = 0, u/(0) = 0, 
w G L°°(0, T; Hq(D) n H 2 {D)) n C([0, T); H^D)), 
w' G L°°(0, T- Hl(D)) n C([0, T);L 2 (D)). 

Thus, we have 

^(H^(*)Hi + ||V«7(t)]|i) + J {gx(u') - gx{u'))w'dx = J (f N (u) - f N {u))w'dx. 
From (3.2), we get 

/ g x (u'(uj)) - g x (u(u}))w'dx > 0. 

JD 

By the Holder inequality, it follows from (2.1) that 



(3.27) 



D 



Un{u) - f N {u))w'dx 



D 



{ X N(\\Vu\\ 2 )\u\ p - 2 u - X N(\\Vu\\ 2 )\u\ p - 2 u)w'dx 



< 



C N (p-l) j D m V {\ur\\u\v- 2 }\w\\w'\dx < C N (\\u\\W )d + M$Z% 



2)d JuW\\^_\\W || 2 



< C7y||Vu>(*)|| 2 |K||2. 
Combining with (3.27) with (3.28), we have 



(3.28) 



\\w'(t)\\ 2 + \\Vw(t)\\ 2 <2C N / (\\w'(s)\\ 2 + \\Vw(s)\\ 2 )ds, 

Jo 

which implies w = 0, i.e., u(uS) = u(uS). Hence, for each uj G fii, u = u{uj) is well-defined. 

We shall also show that (u,u t ) is (H^(D) n H 2 {D)) x F 1 (L>)-valued progressively measurable 
for any < t < T. Let B r (z) be a closed ball in C([0, T]; (D) x L 2 (D)) with radius r > and 
center at z. Then by virtue of the way u has been obtained, it holds that 



oo oo oo oo 



{(u, m) g B r {z)} niii = n 1 n|jppij{ ((u m , u'J g B r+1/v (z)) n (Ax(u m ) <l)}. (3.29) 

L=l u=l j=l m=j 

Since (u, u t ) G C([0, T]; H^(D) x L 2 (D)) for almost all w, and the right- hand side of (3.29) belongs 
to J 7 ^, it holds that 

{(t,w)|0 <t<T, (u(t,u)),u t (t,u>)) G A} G S([0,T]) ® F T , (3.30) 

for every A G B(H 1 (D)xL 2 (D)). Since every closed ball of finite radius in (Hl(D)r\H 2 (D))xHl (D) 
is closed in Hq{D) x L 2 (£>), we have B{(H^{D) n # 2 (£>)) x £#(£>)) C B{Hl{D) x L 2 (£>)). Thus, 
(3.30) holds for every B{{Hq{D)<^H 2 {D)) x Hq(D)). By the pathwise uniqueness, we may replace T 
in (3.30) by any < t < T and (u,ut) is (ifg (D)nif 2 (D)) x ifg (D)-valued progressively measurable. 
Next we show that for each u> G f^i, 



(3.31) 
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for each K > 0. If lim m _ KX) .A,\(u rn ) A K = K , then the inequality is obvious. If lim m ^, r ^A\(u m ) A 
K = 5 < K , then there is a subsequence {ii m ,.}™ =1 such that 

lim A\{u mk ) = 5, 

k— >oo 

and {u mk (uj)} converges to u{ui) in the sense of (3.19)-(3.22) and (3.25). It follows that 

\\ u \\L°°{0,T;H^(D)nH 2 {D)) — !i™fc->oo 1 1 Um k 1 1 L°° (0,T;H£ (D)nH 2 (D)) : 

/ 9\{ u ( s )) u (s)dxds < linifc^oo 

/ / 9\{u'm k ( s )) u 'm k ( s )dxds, 
JD JO JD 



and 



which yield 

A x (u) < 6. 

Thus, (3.31) is valid. By (3.14), (3.31) and Fatou's lemma, we have 

E(A\(u) A K) < C N , 
for some constant Cn independent of K and A. By passing K f oo, we get 

E(A(u)) < C N . (3.32) 

□ 

Next we still fixJV>0 and consider the following equation 

' u tt -Au + g(u t ) = f N (u) + ea{x, t)8 t W(t, x), (x, t) G D x (0, T), 
u(x, t) = 0, (x, t)edDx (0, T), (3.33) 

u(x, 0) = uo(x), ut(x, 0) = iii(x), x G D. 

Lemma 3.4. Assume (2.1), (3.4) and (3.5) hold. Then there is a pathwise unique solution u of 
(3.33) such that 

u G L 2 (n; L°°(0, T; H*(D) fl # 2 (D))) D L 2 (0; C([0, T]; iJg (£)))) , 
«i G L 2 (n;L°°(0,T;H^D))) H L 2 (n;C([0,T];L 2 (D))), 

and 

u t eL q ((0,T)xD). 

Proof. We denote by u\ the solution of (3.3) under the conditions (3.4) and (3.5). Since E(A\(u\)) < 
Cn for all A > 0, we can repeat the same argument as above by considering A = m = 1, 2, • • • . 
there is 0,2 C O with P(Q \ O2) = and the following properties. For each u G SI2, 

M G C([0, T]-hUD)), and for all A = — , m > 1, (3.34) 

m 

(u' A - eM (*))' - Aha + 5A (u' A ) = /^(u A ) 
holds in the sense of distributions over (0,T)xD, and there is a subsequence satisfying the following. 

A\ k {u\ k ) < L u , for all k > 1 and for some constant L w > 0, (3.35) 

u Xk ^u weak star in L°°(0,T;Hj(D) nH 2 (D)), (3.36) 
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u Xk ^u strongly in C([0, T];Hj(D)), (3.37) 

u' Xk -> v! weak star in L°°(0, T; Hj(D)), (3.38) 

u' Xk -> u' strongly in C([0, T];L 2 (D)), (3.39) 

and 



u 



k 



v! for almost all (x, t) £ (0, T) x D, (3.40) 



for some function u = u(u). By Lemma 3.1, 

g\ k {u' Xk ) g(v!) for almost all (x,t) G (0, T) x D. 

It follows from (3.35) and Lemma 3.2 that 

9\M k ) -> g(u') weakly in L5^((0,T) x D). 

Thus, u = u{uj) satisfies (3.33) in the sense of distributions over (0, T) x D for u G fi. Suppose that 
for u) G f2, there is another subsequence which converges to u = u(co) in the sense of (3.35)-(3.40). 
Similarly the proof in Lemma 3.3, we can show that u(oj) = u(oj) follows from the equation 

UitM - «tt(w) - A(u(u) - u(u)) + g(ut(w)) - g{u t {uj)) = f N {u(uj)) - f N (u(u)), 

and the regularity 

G L°°(0, T; Hq(D) n 2 (D)) n C([0, T);Hq (D)), 
ut(u),ut(w) e ^°°(0, T; H C([0, T); L 2 (D)), 

&(«t(w)),5(«t(w)) G ^((0,T) x D). 
Again by the same argument as Lemma 3.3, (u,ut) is (Hq(D) n H 2 (D)) x Hq{D)- valued pro- 
gressively measurable. Next we define 

Au) = IMlLo(o,T;^(D)nff2( D )) + I (0,7^1(1?)) + / / 9\{ut)u t dxdt. (3.41) 
Then by the same argument as (3.32), we have 

E{A(u)) < C N . (3.42) 

□ 

Now we consider the local existence and uniqueness of solution for problem (1.2) under the 
assumption (2.7). 

Theorem 3.5. Under the assumptions (2.1), (2.7) and (2.8), there is a pathwise unique local 
solution u of (1.2) according to Definition 2.1 such that the energy equation holds: 



\Vu(t)\\i + \\u t (t)\\i + 2 / \u t (s)\ q dxds -2 / / \u(s)\ p -^u(s)u t {s)dxds 

Jo Jd Jo Jd 

pt 00 pt p 

= ll Vu o||2 + IKIli + 2 / {ut{s),£o-{x,s))dW s + e 2 / / Aie- (x)cr 2 (x,s)(ix(is.(3.43) 
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Proof. Let us choose sequences {«o,m}, {^i,m} an d Wm(x,t,uj)} such that 

u 0>m G Hq{D) (~l H 2 (D), u 1>m G Hq(D), a m (x,t,u) G L 2 (S7; L 2 (0, T; Hq(D) n L°°(D))) 

E / (||Vff m (*)lll + IMt)llL)^<oo-, 

and asm-) oo, 

«o,m -> «o strongly in Hj(D), (3.44) 

^l,m ~~ ^ u i strongly in L 2 (D), (3.45) 

E/ \\a m (x,t) - a(x,t)\\ldt -> 0. (3.46) 
For each m > 1, let u m be the solution of 

'u tt -Au + p(u t ) = / Y (u)+eo- Tn (a;,t)W(i,x), G D x (0,T), 

<u(a:,t) = 0, (x, t) G dD x (0, T), (3.47) 

ju(x,Q) = u ,m(.x), u t (x,0) = u ltTn (x), x G D. 

By Lemma 3.4, we have 

u m G L 2 (fi; L°°(0, T; fl* (£>) D 2 (D))) n L 2 (ft; C([0, T] ; ^ (£>))) , (3.48) 
G L 2 (0; L°°(0, T; fl^))) n L 2 (ft; C([0, T]; L 2 (D))) , (3.49) 

and the energy equation 

||Vit m ||! + |K m ||l + 2 / / \u' m \ q dxds -2 / x(\\Vu m \\ 2 )\u m \ p ~ 2 u m u' m (s)dxds 
Jo Jd Jo Jd 



||Vn , m || 2 + ||tti,m||i + 2 / {u' m ,Eo- m )dW s + e 2S )2 I I . 

Jo i=1 Jo Jd 



Xie i (x)a m (x, s)dxds. (3.50) 



Let 



M m (t,x)= I a m {x,s)dW(s,x), t > 0, x G D. 
Jo 

Then, for any mi, ni2 

- <J - A(u mi - u m2 ) + ~ 9^) = /jv(«mi) - /7v(n m2 ) +e(M mi - M ma )' (3.51) 

holds in the sense of distributions over (0,T) x D for almost all cj. For the damping term, we use 
the following elementary inequality 

(\a\ q ~ 2 a - \b\ q ~ 2 b){a - b) > c\a - b\ q (3.52) 

for a, b G R, q > 2, where c is a positive constant. By inequality (3.52) and the regularity (3.48) 
and (3.49), we can drive from 

WK11 (*) " <2 (*) I II + 1 1 v ^™.i (t) - Vu m2 (t) I |i + 2c [ \\u' - u' \\ q ds 



"mi vV "'7712 v /Mz 1 N ™i \ V v "TOs V"/ 1 12 1 ^ / I mi "7712 I Iq 

JO 

< ||Vtto, mi - Vn , m2 ll2 + IK,mi - «l,m 2 ll2 + 2 / (/iv(«mi) ~ / W K) > "Li ~ ^2)^ 



+2e / (<j mi -o- m2 ,n' mi - u' m2 )dW s + e 2 c\TrR \ \\a mi - a m2 \\ 2 2 ds 
Jo Jo 



(3.53) 
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for all t € [0, T]. For the third term on the right of (3.53), it follows from (3.1) that 

2 
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{fN(u mi ) - f N (u m2 ),u' mi - u' m2 )ds <2 / \\fN{u mi ) - f N {u m2 )\\ 2 \\u' mi - u' m2 \\ 2 ds 

Jo 

<2C N I \\Vu mi -Vu m2 \\2\\u' mi - u' m2 \\ 2 ds 
J 

<C N \\Vu mi - Vu m2 \\ldt + C N I \\u mi - u' m2 \\lds, (3.54) 
jo Jo 

where Cn ia s positive constant independent of m\ and m 2 . In view of (3.53) and (3.54), it follows 

that 

E sup (\\u' mx {t)-u' m2 {t)\\l + \\Vu mi {t)- Vu m2 {t)\\ 2 2 
0<t<T v 



< ||Vn , mi - Vu . m2 ||i + C N / E sup ( \\Vu mi - Vu m2 \\l + \\u' T 

Jo 0<t<T v 

+ e 2 c 2 TrRE [ \\a mi -a,, 
Jo 



u ni2 1 1 2 



d.S 



' m 2 II 2 



-2eE sup 

0<t<T 



/ (cr mi - o m2 , u' m - u' m2 ) dW t 
Jo 

For the last term on the right of (3.55), by the Burkholder-Davis-Gundy inequality we have 

E( sup f (a mi - a m2 ,u' rni -u' m2 )dW s ) 
K t£\0,T] Jo ' 



(3.55) 



te[o,T] 



CO ,. t 



i=l 



<CB( sup \\u' mi - u' m2 \\ 2 ( ^2 / ((a mi - a m2 )Rei,(a mi - a m2 )ei)dt 



( \ Cc 2 /"* 

<aE( sup \\u' m - u' m2 \\l) H V-TrKE \\a mi - (J m2 \\ 2 2 dt 

v te[o,T] a jo 



(3.56) 



where a and C are some positive constants. By taking(3.55), (3.56) into account and invoking the 
Gronwall inequality again, we get 

E( sup \\u' mi - u' m2 \\ 2 2 + sup ||V« mi - V« m2 ||l) 
v te[o,T] te[o,T] ' 

< Cjv^||Vwo, mi - Vu 0>m2 \\l + \\ui ,ttii l*l,m2 \\l + 6?t$TrREj \\a mi - a m2 \\ 2 2 d s y (3. 57) 

Moreover, it can be derived from (3.53) and (3.57) that 

E( / sup \\u' mi - u' m2 \\ q q dt) 
v Jo te[o,T] 7 

u l,mi u l,m2 

| \\ + e 2 c 2 TrRB J \ \a mi - a m2 \ \ 2 2 ds^j .(3.58) 

It follows from (3.44)-(3.46) and (3.57) that {u m } and {u' m } are cauchy sequences in 1? (fi; Hq (D)) 
and L 2 1? (D)) , respectively. Thus, 

(u m ,u' m ) ^ (u N ,u' N ) stronlyin L 2 (0; C([0, T]; Hj(D) x L 2 (D))) (3.59) 
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for some function ujy dependent on N. Also, by (3.58), {u' m } are cauchy sequences in L g ((0, T) xD). 
So {u' m } converge strongly in L <? ((0,T) x D). Then there exist subsequences of {u' m }, still denoted 
by {u' m } such that 

u' N for almost all (x,t) G (0,T) x D. (3.60) 



it, 



It follows from (3.42), (3.60) and Lemma 3.2 that 



\u' \ q ~ 2 u' 



,' \1- 2 i>' 



u' N weakly in ((0, T) x D) 



(3.61) 



Therefore, using (3.59), (3.60), the convergence of the initial data and a m (x,t), is the solution 
of the following equation 

u tt - Au + \u t \i- 2 u t = f N (u) + ea(x,t)d t W(t,x), (x,t) £Dx (0,T), 
u(x, t) = 0, {x, t) edDx (0, T), (3.62) 

u(x, 0) = uo(x), ut(x, 0) = ui(x), x G D, 

which satisfies the requirements of Definition 2.1, where uq, U\ and a(x,t) satisfy condition (2.7). 
For uniqueness of (3.62), the proof is similar in the Lemma 3.3, so we omit it here. 

To obtain the energy equation of (3.62), we proceed by taking the termwise limit in the approx- 
imate equation (3.50). It is ease to show that 



|Vu 



m| |2 



\\Vu N \\l \\u 



I i|2 



■HMvlll. ll Vu 0,m||2 



HVttoii!, ll«i,mll! -> IKIl! 



in the mean and 



[it 



1 \i 



J D 



JD 



by (3.61). By the dominated convergence theorem, the term J* f D Xie 2 (x)a^ n (x, s)dxds converges 
in the mean to f D Xie 2 (x)a 2 (x, s)dxds. For the remaining two terms in (3.50), we first consider 



x(\\Vu m \\2)\u m \ p 2 u m u' m (s)dxds 



JD 



< 



ds + 



x(\Nu N \\ 2 )\u N \ p 2 u N u' N {s)dxds 
ds. 



JD 
(fN(u m ),u' m - u' N ) 



(3.63) 



(/jv(«m) - fN(uN),u' N ) 
From (3.1) and (2.2), we get 

(/jv(«m) - fN(uN),u' N ) < \ \fN(u m ) ~ fN{uN)\\2\\u' N \\2 < C N \\Vu m - Vu N \ | 2 1 \u' N \ | 2 , (3.64) 



and 

{fN(Um),u' m ~ u 'n) < C N \\Vu m \\ 2 \\u m - u' N \\ 2 . 

substituting (3.64) and (3.65) into (3.63), we obtain 



(3.65) 



X{\\¥Um\\2)\Um\ P 2 U m u' m (s)dxds 



JD 



J D 



x{\\^u N \\ 2 )\u N \ p u N u' N {s)dxds 



< 



C N \ (||Vu m ||2 + ||?4r||2)(||Vu m - VnAr|| 2 + \\u' m - u' N \\ 2 )ds. 
J 
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Therefore 
E 



JD 



x(l|Vu m || 2 )|'u m | p u m u' m (s)dxds 



JD 



X(||VuAr|| 2 )|?iAr| P UNu' N (s)dxds 



< 2C N (B J (||Vu m ||| + \\u' N \\t)ds} (eJ (\\Vu m - Vu N \\ 2 + \\u' m - u'Mds), 
which converges to zero as m — > oo. Finally, for the stochastic integral term, we have 



E 



< E 



t pt 
(u m ,a m )dW s - (u' N ,a)dW s \ 
Jo 

[ {u' m -u' N ,a m )dW s \+'E [ (u' N ,a m - a)dW s 
Jo Jo 



Now, by the Burkholder-Davis-Gundy inequality, we have 



E sup 

0<t<T 



o 



(u' m - u' N ,a m )dW s \ < CE( sup \\u' m - u' N \\i[ ^ / (a m Rei,a m ei)dt 



l l|2 \ 2 



< CcoTrREl sup \\u' m — u'n\\2 

^0<t<T 



•E 



0<t<T 
T 



i=l 







Cml^dt) — ¥ 0, as m — Y oo . 



Similarly, 



E sup 

0<t<T 



(u' N ,a m - a)dW s \ < Cc TrR~E( SUp ||Mjv||2 

^ 0<t<T 



: E 



T 



Wm ~ <j\\i)dt 



(3.66) 



which also tends to zero as m — > by (3.46). There above three inequalities imply that 

/ (u' m ,a m )dW s ->• / (u' N ,a)dW s , as m ->• oo. 
Jo Jo 

Hence, we obtain the energy equation of (3.62) 

IIVujvlll + lKvlll + 2 / f \u' N \ q dxds-2 I I x(\\Vu N \\ 2 )\u N \ p - 2 u N u' N {s)dxds 
Jo Jd Jo Jd 

= IIVU0II2 + IKII2 + 2 / (u' N ,ea)dW s + e 2 y2 / / Xie 2 (x)a 2 (x, s)dxds. 

Jo i=1 Jo Jd 

For each N, introduce the stopping time tn by 

t n = wf{t > 0; ||Vujv|| 2 > N}. 

By the uniqueness of the solution of (3.62), for t € [0,tat A T), u(t) = u^{t) is the local solution 
of (1.2). As tn is increasing in N, let Too = hm/v->oo tn- Hence, we construct a unique continuous 
local solution u(t) = limjv^.00 ujv(i) to (1.2) on [0, T A Too), which satisfies the requirements of 
Definition 2.1 and the energy equation (3.43). □ 

To obtain a global solution, it is necessary to consider the interaction between the damping 
term \ut\ q ~ 2 ut and the source term |-u| p-2 u such that a certain energy bound can be established to 
prevent the unlimited growth. To state the next theorem, we define 

e{u(t)) =|Mt)||I + ||V«(t)||l + ^|[«||5. 
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Theorem 3.6. Suppose (2.1), (2.7) and (2.8) hold. If q > p, then for any T > 0, there is a unique 
solution u of (1.2) according to Definition 2.1 on the interval [0,T] such that 

E sup e(t) < oo. (3.67) 

0<t<T 

Proof. For any T > 0, we will show that u^(t) = u(t A ttv) — > u a.s. as N — > oo for any t < T, 
so that the local solution becomes a global one. To this end, it suffices to show that tn — > oo as 
N — > oo with probability one. 

Recall that, for t € [0, tn A T), u(t) = u^it) = u(t A tn) is the local solution of (1.2). By the 
Theorem 3.5, the following energy equation holds: 

rtAt N r rtAt N r 

e(u(t A t n )) = e(u ) + 4 / / \u\ p ~ 2 uu t {s)dxds - 2 / \u t {s)\ q dxds 

Jo Jd Jo Jd 

rtAt N rtAt N . . 

+2 J (u t (s),ea)dW s + e 2 J [a(x,s)Re i (x),a(x,s)e i (x)jds. (3.68) 
Using Holder inequality and Young's inequality, we get 

u\P- 2 uut(s)dx < llull^lKHp < p\\ut\\P + Cp\\u\\ p p , (3.69) 

D 

where /3 > and Cp is a constant depending on /?. Since q > p and (2.1), the embedding inequality 
yields 

\\ut\\ p p < C\\u t \\ p q , (3.70) 
where C is the embedding constant. Therefore, from (3.68), (3.69) and (3.70), we get 

rtAtjsr rtAt]\[ rtAtjsr 

e(u(tAT N ))<4C(3 \\u t (s)\\ p q ds - 2 \\u t (s)\\ q q dxds + 4C W \\u\\ p ds 

Jo Jo Jo 

rtAtN rtAtff 

+e(u ) + 2 (u t (s),ea)dW s + e 2 c 2 TrR | |cr(s) | ||ds. (3.71) 

Jo Jo 

Using q > p, at this point we distinguish two case: 

(i) Either \\ut\\q > 1 so we choose /3 small such that — 2||u t ||| + 4C/3||ut|[g < 0. 

(ii) Or \\u t \\q < 1, in this case we have -2||uf||£ + ACf3\\u t \\ p q < ACfi. 
Therefore in either case, we have 

/•tAtjv 

e(u(t A t n )) < e(u Q ) + 4Cf3(t A t N ) + ACp I \\u\\ p p ds 

Jo 

rthtff rtAtN 

+2 (u t (s),ea)dW s + e 2 clTrR ||cr(s)||^s. (3.72) 

Jo Jo 

By taking the expectation of (3.72), we obtain 

rtAt^ rtAtj^ 

Ee(u(tAT N ))<e(u ) + 4Cl3(tAt N ) + e 2 c 2 ) TrR E| \a(s) \ \jds + K / Ee(u(s))ds, 

Jo Jo 

where K > is a constant, which, by the Gronwall inequality and (2.7) , implies that 

Ee(n(T A tn)) < (e(n ) + CT)e KT < C T . (3.73) 

On the other hand, we have 

Ee(n(T At n )) > e(/(tjv < T)e(«(rjv))) > Ce(\\u Tn \\ 2 I(t n < T)) > CN 2 P(t n < T), 
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where / is the indicator function. In view of (3.73), the above inequality gives 

P(too <T)< P(t n <T)<^, 
which, with the aid of the Borel-cantelli Lemma, implies that 

P(too < T) = 0. 

or 

lim tn = oo a.s.. 

Hence, on [0, A T) = [0, T), u = lim/v-j-oo v>N(t) is the global solution as announced. Since T > 
was chosen arbitrarily, we may replace [0,T) by [0,T]. 

To verify the energy bound (3.67), by the energy equation (3.43), (3. 69), (3. 70) and (2.7), we 
have 

e(u(t)) < e{u ) + (4Cp + e 2 d)t + 4KCp I e{u{s))ds + 2 [ (u t {s),ea)dW s , 

Jo Jo 

where C\ and K are positive constants. The above inequality yields 

E sup e(u(t)) < e(tt ) + {ACp + £ 2 Cx)T + AKCp [ E sup e(u)ds + 2E sup f (u t ,ea)dW s . 
0<t<T Jo 0<s<T o<t<rJo 

(3.74) 

By the Burkholder-Davis-Gundy inequality, we have 



0<t<T 



/ (u t ,ea)dW s \ < C 2 e( sup ||n t || 2 fe 2 V / (aRa, aeAdt ) 2 ) (3.75) 

Jo v 0<t<T K ~[Jo J J 

i r T 

< -E sup ||ut||| + C 3 cle 2 TrR / B\\a(t)\\ldt (3.76) 
4 0<t<T Jo 



for some constant C2, C3 > 0. In view of (2.7), (3.74) and (3.75), there exist positive constants C4 
and C5 depending on /3, T etc. such that 

E sup e(u(t)) <Ci + C 5 E sup e(u)ds. 

o<t<T Jo 0<s<T 

By applying the Gronwall inequality, the above gives 

E sup e(u(t)) < C 4 e C5T , 

0<t<T 

which implies the energy bound (3.67). □ 

4. Explosive solution of (1.2) 

In this section, we switch to discuss the explosion of the solution to (1.2) for p > q. Throughout 
this section, we suppose that a(x,t,u) = a(x,t) such that 



/ / a 2 (x,t)dxdt < oo. (4.1) 
Jo J D 



(4.2) 
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As well-known, equation (1.2) is equivalent to the following ltd system 
dut = Vtdt, 

dv t = (Aih - \v t \i- 2 v t + \u t \ p - 2 u t yt + ea{x,t)dW( y t,x), 
Ut(x, t) = 0, x € dD, 
k tto(a:,0) = u (x), v (x, 0) = Ui(x), 

where (uq,u\) £ Hq(D) x L 2 (D). Define energy functional E(t) associated to our system 

^) = ^IK*)III + ^llv^)||!-i|K||^. 

Before we state and prove our explosion result, we need the following lemmas. 

Lemma 4.1. Assume (2.1) and (4-1) hold. Let (ut,vt) be a solution of system (4-2) with initial 
data (uo,u\) € Hq(D) x L 2 (D). Then we have 



EE{t) = -E\\v t \\l + -e 2 Y, / X t e 2 (x)a 2 (x,t)dx, 

i=i ^ D 

where r(x,x) is defined in Section 2, and 

E(u t {t),v t {t)) = (u {x),v (x)) - [ E\\Vu s \\ 2 ds+ [ E\\v s {s)\\ 2 2 ds 

Jo Jo 

- f E(\v s \ (1 - 2 v s ,u s )ds+ I E\\u s (s)\\ p ds, 
Jo Jo 

Proof. Using Ito formula to ||ft||2> we have 

IKHl = IMll + 2 / (v s ,dv s )+ [ (dv s ,dv s ) 



(4.3) 



(4.4) 



\\v \\l-2 f (Vu s ,Vv s )ds-2 f \\v s \\ q q ds + 2 [ (v s ,\u s \ p - 2 u s )ds 
Jo Jo Jo 

rt 00 j-t 

+2 / (v s ,ea(x,s)dW(s)) + e 2 \] / [a(x,s)Rei,a{x,s)Rei)ds 
Jo i=1 Jo 



2£(0)-||Vu t (t)||f-2 / |K||^ S + -|K(t)||^ 

Jo P 

+2 / (v s ,ea(x,s)dW(s)) + e 2 V] / / \e 2 (x)a 2 (x, s)dxds. 
Jo i=1 Jo Jd 



(4.5) 



(4.3) follows from (4.5) taking the expectation and taking derivative. Next we turn to prove (4.4). 
(u t {t),v t (t)) = (u Q , v ) + / (u s (s),dv s (s)) + (v s (s),du s (s)) 



(uo,v Q ) - / \\Vu s (s)\\ 2 d S - / (| 



V,\ Q 2 Ve,U 



■Xs))dr 



+ / (u s , \u : 



\ p ~ 2 u s )ds+ [ (u s (s),ea(x,s)dW(s)) + [ \\v s (s)\\lds. 
Jo Jo 



Then (4.4) follows from (4.6). 



(4.6) 
□ 
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Let 

oo . t 



F(i) = -£ 2 V/ / \ i e 2 i {x)a 2 (x,s)dxds. 
2 . =1 Jo Jd 



Prom (4.1), we have 



F(oo) = -e 2 V/ / \ i e 2 i {x)a 2 {x,s)dxds < -e 2 c 2 TrR / a 2 (x, s)dxds = E x < oo. (4.7) 
2 ~[ Jo Jd 2 io Jd 

Denote 

#(t) = F(t) -B£(t). 

Then, by (4.3), we get 

H'(t) = F'(t) - jES(t) = E\\v t \\l > 0. (4.8) 

Lemma 4.2. Let (ut,u t ) is a solution of (4-2). Assume (2.1) holds. Then there exists a positive 
constant C > 1 such that 

E\\u t \\ s p < C(F(t) - H(t) - E\\v t \\ 2 2 + E\\ut\\l) (4.9) 

for any 2 < s < p. 

Proof. If \\ut\\p < 1 then \\ut\\p < \\ut\\ 2 < C||Vnt||| by Sobolev embedding. If \\u\\p > 1 then 
H^tllp < ll^tllp- Therefore, it follows that 

E|K||; < C(E||Vu t ||| + E\\u t \\ p p ). (4.10) 

By the definition of energy function, we have 

|E||V^ t ||| = B£(t) - IeIMI 2 , + ±E\\ut\\$ = F(t) - H(t) - ^B\\v t \\ 2 + -E||u t ||£. (4.11) 

Then, (4.9) follows (4.10) and (4.11). □ 

In the following, we switch to discuss the explosion of the solution to (1.2) for p > q. Actually, 
we have 

Theorem 4.3. Assume (2.1) and (4-1) hold. Let (ut,vt) be the solution of (4-2) with initial data 
(u ,ui) G Hq(D) x L 2 (D) satisfying 

£(0)<-(l + P)E u (4.12) 

where (5 > is any constant and E\ is defined in (4-7). Lf p > q, then the solution (ut,vt) and the 
lifespan defined in Section 3 with L 2 norm, either 

(1) P(too < oo) > 0, i.e., ut(t) in L 2 norm blows up in finite time with positive probability, or 

(2) there existence a positive time T* G (0, To] such that 

lim E£(t) = +oo. 

with 

m 1 — a 

T 



aK£—(0) 
where a, K are given later. 



20 GAO, H.-J., GUO, B-L., AND LIANG, F. 

Proof. For the lifespan of the solution {ut(t); t > 0} of (1.2) with I? norm, let us consider the 
case when P(too = +oo) = 1. Then, for sufficiently large T > 0, by (4.8) and (4.12), we have 

< (1 + 0)Ei < -S(0) = H(0) < H(t) < F(t) + -E||u||5 < E 1 + -Elldlg. (4.13) 

p P 

Define by 

L{t) i&(ut,vt), 
for small /i to be chosen later and for 

< a < minl-,^^}. (4.14) 
12 pq ) 

Taking a derivative of L{t) and using (4.4) and (4.8), we obtain 

L'{t) = (1 - a)H~ a (t)H'(t) + M ( - EHV^II! - E(\v t r 2 v t ,u t ) + E|K||£ + E|H||) 
= (1 - a)H- a (t)E\\v t \\l + wH(t) + m(| + 1)E|M|1 

- l)E||W t ||l - iiE{\v t \<*- 2 v u u t ) - wF{t). (4.15) 

Exploiting the inequality E||ut||| < CE||iij||p and the assumption q < p, we obtain 

E(hrVu t )| < {E\\v t \\D^ (E\\u t \\^ <C(B\\v t \\l)^(E\\u t \\^ 
< C(n\v t \\t)^(B\\u t \\vf P < C(E||^||«)^ i (E||u t ||^)i(E||n,|pi-i (4.16) 
The Young's inequality gives 

(E\\v t \\^ (E\\u t \\^ < q —l k E\\v t \\l + ^B\\u t \\^. ( 4 - 17 ) 
In view of (4.13), we get 

E\\ Ut \\ p p >p(H(t)-F{t)) >KH(t), 
where k = p(3/(l + /3). We choose a satisfying (4.14) and assume H(0) > 1, we have 

(E||itt||J)*~« < KP~^Hp~^(t) < KP~*H- a (t) < KP~^H~ a (0). (4.18) 
Substituting (4.17) and (4.18) into (4.16), we obtain 

E(\v t r 2 v t ,u t )\ <Ci^fcE|M|9ir a (t) + Ci^E|| Ut ||^- a (0), (4.19) 

i_ i 

where Ci = Ckp i. Thus, from (4.15) and (4.19) it follow that 

L\t) > ((1 - a) - C!lZ±i*k)H- a (t)E\\vt\\l + HpH{t) + p(| + 1)E[K||1 - » P F(t) 

+^ p - - mivutwi - tid^-H-^mwutWP. (4.20) 

Z Q 



STOCHASTIC WAVE EQUATIONS WITH NONLINEAR DAMPING AND SOURCE TERMS 21 

We now use Lemma 4.2 with s = p to deduce from (4.20) 

L'(t) > ((1 - a) - d^^H^mWvM + fipH(t) + + 1)E|MH - HpF(t) 



> ( ( i _ a) _ Cl H »k)H-«(t)E\\vt\\* + M (f + 1 + ^-^Ell^Hl + /x(f - l)E||Vn t ||| 



- 1)E||V^||| - ^-'(72 (F(t) - - E|K||i + E|K||^) 

1 — — ■ -| + l + ^C 2 )E|H|i + M (| 

+p(p + k l ~ q C 2 )H(t) - n^C 2 ^\\ut\\l - fi(p + k l - q C 2 )F{t), (4.21) 
where C 2 = Cii?~ Q (0)/g. Noting that 

H{t) = F{t ) + i E |h||£ - |E|]V^||1 - |E||^||1 
and writing p = 2C3 + (p — 2C3), where C3 < (p — 2)/2, the estimate (4.21) implies 

£'(*) > ((1 - a) - Cx^^^^Ell^ll^ + m(| + 1 + fc^Ca " CajEHuiHl 
- 1 - C 3 )E| I Vu*| || + //(p - 2C 3 + k 1 ~ q C 2 )H{t) 
+(J,(^- - fc 1 "'?C 2 )E||n 4 ||P - /i(p - 2C7 3 + k 1 ~ q C 2 )F{t). (4.22) 
In view of (4.12) and (4.13), we get 

(p - 2C 3 + k l -"C 2 )F(t) < (p - 2C 3 + k 1 ~ q C 2 )Ei < {P ~ 2 °1^ q ° 2) H(t). 
Substituting the above inequality into (4.22), we get 

L'{t) > ((1 - a) - Ci^mO^WEIKH? + + 1 + k x -«C 2 - C 3 )E 



+(| - 1 - CsJEHVutlli + (p - 2C7 3 + ^^(f) + " A; 1 -^ 2 )E||n t ||^). 
At this point, we choose A: large enough so that the above inequality becomes 
^'(i) > ((1 - «) - d^i^^^C^Elbtlll + + E||V^||1 + Ell^Hl + E|kt||^), (4.23) 



where 7 > is the minimum of the coefficients of H(t), E||Vut||2, E||ut||2, E||iit||p in (4.23). Once 
k is fixed, we pick fj, small enough so that 

(l-a)-Ci^^fik > 

q 

and 

L(0) = H 1 ~ a (0)+ fi(u , Ul ) > 0. 
Therefore, (4.23) takes on the form 

L'(t) > w(H(t) + E||V« t ||| + E|H|! + E|K||^) > 0. (4.24) 
Consequently, we have 

L(t) > L(0) > 0, Vt > 0. 
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By Holder inequality, we get 

E(«t,Ui)| < (E||«t||i)'(E||ui||l)3 <C(E\\u t \\ 2 p y(E\\v t \\ 2 2 ) 

which, by young's inequality implies 

^J- i i 

E(u t ,v t ) 1_Q <C(E\\u t \\ 2 p )^^(E\\v t \\ 2 )^=^ 



< C ((EllMtlg) 3 ^ + (E||^||l)^ 



for 1/0 + 1/t/ = 1. We take ry = 2(1 - a). Then, by (4.14), 

1 pq 



2(1 - a) 1 - 2a - 2p + 2<? ~ 2 ' 
i.e., 2/(1 - 2a) < p. Using a < 1/2, (4.25) becomes 



E(u t ,v t ) 



i 

l-a 



< C((E||« t |g) 1 - a< " + E|M|1) < C(E\\u t \\;- 2a +E\\v t 



Using Lemma 4.2 with s = 2/(1 — 2a), we get 



E(u t ,v t } 
Therefore, we have 



< C(H(t) + E||Vuf||! + E\\v t \\l + E\\u t \\ p p ), Vt > 0. 



Li^(t) = (ir 1 - ffl (i) + M E(« t ,u t )J 1 - a <2^=^(t)+^iE(«t,^) 

< C^ft) +E||Vut||l + E|H|l+E||ut||P), V* > 0. 

Combining (4.24) and (4.27), we obtain 

L'(t)>KL~^, Vt > 0, 

where is a positive constant. A simple integration of (4.28) over (0, t) then yields 

1 — a 



i 

l-a 



Let 



L~(t) > 



Ti 



(1 -a)L"i^(0) -aKt 
1 — a 



(4.25) 



(4.26) 



(4.27) 
(4.28) 
(4.29) 



aKS i=^(0) 

Then L(t) — ¥ +oo as i —¥ Tq. This means that there exists a positive time T* £ (0,To] such that 

lim E£(i) = +oo. 

As for the case when P(too = +oo) < 1 (i.e., P(r OG < +oo) > 0), then Ut(t) in L 2 norm blows 
up in finite time interval [0, Too] with positive probability. □ 

Remark 4.1. In the classical (deterministic) case of e = 0, it is well known that for (uq,vq) € 
Hq(D) x L 2 (D), the condition £ (0) < already imply finite-time blowup of (1.2) (see e.g. [8]). 
If e > 0, by our results, to balance the influence of W(t,x) such that the local solution of (1.2) 
is blow-up with positive probability or explosive in L 2 sense, the initial energy should be satisfied 
8(0) < -\{l + P)e 2 rl$™ j D a 2 {x,t)dxdt. 
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